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Piezoelectric materials and structures contain more or less electromechanical interfaces in engineering
applications. It is difﬁcult to obtain the fracture parameters efﬁciently of the piezoelectric materials with
complex interfaces. This paper presents a domain-independent interaction integral for material nonho-
mogeneity and discontinuity which can be used for solving the stress intensity factors (SIFs) and the elec-
tric displacement intensity factor (EDIF) of piezoelectric materials with complex interfaces efﬁciently.
The interaction integral is based on the J-integral by superimposition of two admissible states and the
present formulation does not involve any derivatives of mechanical and electric properties. Moreover,
it is proved that the interface in the integral domain does not affect the value of the interaction integral
and thus, the present method does not require electromechanical parameters of piezoelectric materials to
be continuous. The interaction integral method combined with the extended ﬁnite element method
(XFEM) is used to investigate the inﬂuences of material continuity on the SIF and the EDIF and the results
show that the material parameters and their ﬁrst-order derivatives affect both the SIF and the EDIF
greatly, while the higher-order derivatives affect both of them slightly.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Due to the intrinsic coupling effect between mechanical and
electrical ﬁelds, piezoelectric materials have been widely used in
modern technical areas serving as sensors, actuators or transducers
(Duan et al., 2010; Wang and Wu, 2012). Commonly, piezoelectric
materials possess many advantages such as good actuating strain,
fast response and high stiffness. However, the inherent brittleness
and low fracture toughness are the key problem of these materials
(Kuna, 2010). Therefore, the fracture analysis is of great impor-
tance for piezoelectric materials. The ﬁrst theoretical work on pie-
zoelectric fracture mechanics was reported by Parton (1976). He
derived a fundamental result of a permeable crack in piezoelectric
media. Pak (1990) gave a detailed argument for an impermeable
crack by neglecting the electric displacement within the crack.
Subsequently, Sosa and Pak (1990), Pak (1992), Suo et al. (1992),
Park and Sun (1995), Chen and Shioya (1999) conducted a lot
investigations on representative fracture problems of piezoelectric
materials. These pioneering works provided many exact solutions
and meanwhile, established the theoretical fundamentals of linearll rights reserved.
thematics, Harbin Institute of
2376, fax: +86 451 86402386.elastic fracture mechanics (LEFM) of piezoelectric materials. In
LEFM, the stresses and electric displacements at crack tips show
a 1=
ﬃﬃ
r
p
singularity (Suo et al., 1992), where r is the distance from
the crack tip. The local asymptotic distributions of these ﬁelds
can be expressed in terms of stress intensity factors (SIFs) KI, KII
and KIII, corresponding to the three mechanical crack opening
modes, and an electric displacement intensity factor (EDIF) KIV
(Park and Sun, 1995; Ricoeur and Kuna, 2003). The details can be
found in the review articles written by Zhang et al. (2001), Chen
and Lu (2003) and Zhang and Gao (2004). However, two-dimen-
sional (2D) crack problems are mostly restricted to be in inﬁnite
piezoelectric media and only a few simple three-dimensional
(3D) conﬁgurations can be solved by theoretical approaches.
Therefore, numerical techniques are usually used in actual fracture
analyses of piezoelectric materials and structures.
In general, numerical methods such as ﬁnite element method
(FEM) (Kumar and Singh, 1996; Kuna, 2006), boundary element
method (BEM) (Pan, 1999), and extended ﬁnite element method
(XFEM) (Bechet et al., 2009; Bhargava and Sharma, 2011) are em-
ployed to solve the crack-tip ﬁelds. Then, displacement extrapola-
tion method (DEM) (Rao and Kuna, 2008) and conservation
integrals such as the electromechanical J-integral (Pak, 1990,
1992; Abendroth et al., 2002) and the interaction integral (Kuna,
2006) are applied to extract the fracture parameters. Compared
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interest for its convenience in decoupling SIFs KI, KII, KIII and EDIF
KIV. The interaction integral method was proposed by Stern et al.
(1976) to solve mode-I and mode-II SIFs separately for 2D static
mechanical problems. The interaction integral is based on the J-
integral by a superposition of two admissible states (an actual state
and an auxiliary state). Recently, the interaction integral method
was extended to solve intensity factors of a crack in homogeneous
piezoelectric media (Enderlein et al., 2005; Kuna, 2006, 2010;
Bank-Sills et al., 2008; Bechet et al., 2009; Janski et al., 2010;
Bhargava and Sharma, 2011). By suitable deﬁnition of the auxiliary
ﬁelds, Rao and Kuna (2008) proved rigorously the interaction inte-
gral method to be valid for functionally graded piezoelectric mate-
rials (FGPMs) which are usually designed to be nonhomogeneous
materials with electromechanical properties varying continuously
(Wu et al., 1996). They discussed the three optional deﬁnitions of
the auxiliary ﬁelds namely, equilibrium, compatibility and con-
stant constitutive formulations and derived the corresponding do-
main forms of the interaction integral, respectively. Sladek et al.
(2007) adopted the interaction integral method to solve fracture
parameters of a crack in FGPMs under impact load. Subsequently,
Rao and Kuna (2010) analyzed the thermal fracture problems of
FGPMs by the interaction integral approach.
For piezoelectric materials, the interaction integral method
published previously has a shortcoming, i.e., it requires the
mechanical and electric properties to be differentiable. Generally,
piezoelectric components and materials are integrated into com-
plex smart structures (Wang and Wu, 2012) or embedded as layers
or ﬁbers into multifunctional composites (Duan et al., 2010). In
addition, FGPMs are also two- or multi-phase heterogeneous com-
posites in which the microstructures vary spatially or the volume
fraction of constituent particles varies in one or several directions.
Namely, in a certain scale, piezoelectric materials and structures
contain more or less interfaces with discontinuous electromechan-
ical properties. Therefore, the interfaces cannot be ignored when
fracture behaviors of piezoelectric materials and structures are
concerned. However, to the best knowledge of the authors, all
the present fracture mechanics methods can hardly extract the
fracture parameters of such piezoelectric materials efﬁciently
without keeping away from material interfaces. For pure elastic
media, the authors’ previous work (Yu et al., 2009, 2010a, 2010b)
has provided a domain-independent interaction integral for
mechanical interfaces. As an in-depth study, this paper aims to de-
velop a domain-independent interaction integral for piezoelectric
materials with continuously varying or discontinuous electrome-
chanical properties.
We stress our contributions as follows. (1) This work derives a
domain-independent interaction integral for material nonhomoge-
neity and discontinuity. Therefore, the present interaction integral
method may become a promising technique in the fracture analy-
sis of linear piezoelectric materials with complex electromechani-
cal interfaces efﬁciently. (2) The expression of the present
interaction integral does not contain any derivatives of electrome-
chanical properties, which reduces the requirement of material
properties and facilitates the practical implementation of the inter-
action integral method since the derivatives of the properties of ac-
tual materials are usually difﬁcult to obtain.
The remainder of this paper is organized as follows. Section 2
reviews the basic equations for piezoelectric media. Section 3
describes the interaction integral and the approach to extract the
intensity factors. Section 4 derives the domain expression of the
interaction integral without any derivatives of material parame-
ters. Section 5 presents the mathematically proof that material
interfaces do not affect the validity of the interaction integral.
Section 6 introduces the extended ﬁnite element method (XFEM)brieﬂy and the numerical discretization of the interaction integral.
Section 7 presents several numerical examples to verify the accu-
racy and check the domain-independence of the interaction inte-
gral. Next, the inﬂuences of material continuity on the
mechanical SIF and the EDIF are investigated. Finally, Section 8
summarizes this work.
2. Basic piezoelectric relations
This work considers a linear piezoelectric medium and at the
beginning, the governing equations and the boundary conditions
which form the foundation of piezoelectric media are given below.
2.1. Governing equations
 Constitutive equations (Parton, 1976):
rij ¼ CijklðxÞekl  elijðxÞEl
Di ¼ eiklðxÞekl þ jilðxÞEl
ð1ÞThe constitutive relations can also be represented by the following
equally equations (Hwu, 2008)eij ¼ SijklðxÞrkl þ gkijðxÞDk
Ei ¼ giklðxÞrkl þ bikðxÞDk
ð2Þ Kinematic equations (Pak, 1990):
eij ¼ 12 ðui;j þ uj;iÞ
Ei ¼ /;i
ð3Þ Equilibrium equations (Pak, 1992):
rij;j þ fi ¼ 0
Di;i x ¼ 0
ð4ÞIn this work, the body forces fi and volume chargex are assumed
to be zero and then, the equilibrium equations are simpliﬁed as
rij;j ¼ 0; Di;i ¼ 0 ð5Þ
where the variables marked by the subscript i, j, k and l
(i, j, k, l = 1, 2, 3) are the components of the vectors or tensors in a
coordinate system; ui, rij, eij, u, Di and Ei are the elastic displace-
ment, stress, strain, electric potential, electric displacement and
electric ﬁeld, respectively; Cijkl is the elastic stiffness tensor mea-
sured with the electric ﬁeld held constant; Sijkl is the elastic compli-
ance tensor measured with the electric displacement held constant;
jil is the dielectric permittivity measured with the strain held con-
stant; bik is the dielectric non-permittivity measured with the stress
held constant; eikl and gikl are the piezoelectric stress/charge and
strain/voltage tensors, respectively. A comma denotes partial differ-
entiation and the repetition of an index implies summation with re-
spect to that index over its range. It should be pointed out that the
summation convention is only valid for repeated spatial indices
(i, j, k, l, I, J,K,L), but not valid for the indices denoting fracture modes
(M,N) or denoting eigenvalue number (a).
2.2. Boundary conditions
Consider a piezoelectric medium occupying the space X en-
closed by surface K. The boundary surface K =Kr +Ku =KD +Ku
On the boundaries Kr and KD, the stresses and electric displace-
ments are (Suo et al., 1992)
rijnj ¼ t0i ; on Kr
Dini ¼ x0; on KD
ð6Þ
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0 are prescribed boundary traction on Kr and sur-
face charges on KD, respectively; ni is the outward unit normal vec-
tor to K. On the boundaries Ku and Ku, the displacements and the
electric potential are (Suo et al., 1992)
ui ¼ u0i ; on Ku
/ ¼ /0; on K/
ð7Þ
where u0i and u
0 are prescribed values on Ku and Ku, respectively.
3. Deﬁnition of the interaction integral
The present paper focuses on a piezoelectric solid with a
mechanical traction-free and electrically impermeable crack. In
this section, the deﬁnition of the interaction integral and its appli-
cation to extract the intensity factors are given.
3.1. Auxiliary ﬁelds
We ﬁrst introduce the auxiliary ﬁelds that will be used in the
interaction integral method. As shown in Fig. 1, the deﬁnitions of
the auxiliary ﬁelds are given in the polar coordinates (r, h) with
the origin at the crack tip. The auxiliary stresses rauxij and electrical
displacements Dauxi are deﬁned as (Rao and Kuna, 2008)
rauxij ðr; hÞ ¼ 1ﬃﬃﬃﬃﬃ2prp X
N
KauxN f
N
ij ðhÞ
Dauxi ðr; hÞ ¼ 1ﬃﬃﬃﬃﬃ2prp X
N
KauxN g
N
i ðhÞ
ð8Þ
and the auxiliary mechanical displacements uauxi and electric poten-
tial uaux are deﬁned as
uauxi ðr; hÞ ¼
ﬃﬃﬃ
2r
p
q X
N
KauxN d
N
i ðhÞ
/auxðr; hÞ ¼
ﬃﬃﬃ
2r
p
q X
N
KauxN vNðhÞ
ð9Þ
where the summation over N = {II, I, III, IV} comprises different frac-
ture opening modes; KauxI , K
aux
II , K
aux
III and K
aux
IV denote the auxiliary
mode-I, mode-II, mode-III mechanical SIFs and the auxiliary EDIF,
respectively. The angular functions f Nij ðhÞ, gNi ðhÞ, dNi ðhÞ and vN(h) are
the standard angular functions for a crack in a homogeneous piezo-
electric elastic medium, which depend only on the material proper-
ties at crack-tip location. The detailed deﬁnitions of the angular
functions can be found in Appendix A.Fig. 1. Schematic illustration of the contour integrals and related equivalent
domain integrals.The auxiliary strains and electric ﬁelds are deﬁned by
eauxij ¼ SijklðxÞrauxkl þ gkijðxÞDauxk
Eauxi ¼ giklðxÞrauxkl þ bikðxÞDauxk
ð10Þ
Since the ﬁelds deﬁned in Eqs. (8) and (9) are the analytical
solutions of a homogeneous cracked piezoelectric body under the
assumption that both the body forces and volume charges are
zeros, the auxiliary stresses and electrical displacements satisfy
the following equilibrium equations
rauxij;j ¼ 0; Dauxi;i ¼ 0 ð11Þ
The constitutive equations of the auxiliary ﬁelds use the same
elastic, piezoelectric and dielectric material parameters as those
of the actual ﬁelds.
The above deﬁnitions of the auxiliary ﬁelds lead to
eauxij –
1
2
ðuauxi;j þ uauxj;i Þ
Eauxi –  /aux;i ð12Þ
For the piezoelectric solid with continuously varying properties,
the above deﬁnitions of the auxiliary ﬁelds are the so-called
‘‘incompatibility formulation’’ (Rao and Kuna, 2008). In this paper,
the above deﬁnitions are still used for the piezoelectric solid with
discontinuous properties.
Except the variables used in the auxiliary ﬁelds, in the following
derivations, we also use other extra variables deﬁned by
eaux0ij ¼ Stipijklrauxkl þ gtipkijDauxk ;
Eaux0i ¼ gtipiklrauxkl þ btipik Dauxk
ð13Þ
where Stipijkl, g
tip
ikl and b
tip
ik are the material parameters evaluated at the
crack-tip location. It should be noted that eaux0ij and E
aux0
i are not the
auxiliary ﬁelds used in this paper, but they satisfy the following
kinematic equations
eaux0ij ¼ 12 ðuauxi;j þ uauxj;i Þ
Eaux0i ¼ /aux;i
ð14Þ3.2. Interaction integral
As shown in Fig. 1, for a 2D nonhomogeneous piezoelectric
cracked body, the electromechanical J-integral (Pak and Herrmann,
1986; Kuna, 2010) is
J ¼ lim
Ce!0
Z
Ce
ðHd1j  rijui;1  Dj/;1ÞnjdC ð15Þ
where H ¼ ðrijeij  DiEiÞ=2 is the electric enthalpy density for linear
piezoelectric media; dij is Kronecker delta.
Next, two independent equilibrium states are considered which
are actual ﬁelds (ui,rij, eij,u,Di,Ei) and auxiliary ﬁelds (uauxi , rauxij , eauxij ,
uaux, Dauxi , E
aux
i ). Making superposition of these two states into an-
other equilibrium state (state S), the electromechanical J-integral is
JðSÞ ¼ lim
Ce!0
Z
Ce
1
2 ½ðrikþrauxik Þðeikþeauxik ÞðDiþDauxi ÞðEiþEauxi Þd1j
ðrijþrauxij Þðui;1þuauxi;1 ÞðDjþDauxj Þð/;1þ/aux;1 Þ
( )
njdC
ð16Þ
Expanding Eq. (16), we have
JðSÞ ¼ J þ Jaux þ I ð17Þ
where J is the J-integral aroused by actual ﬁelds alone with expres-
sion in Eq. (15),
Jaux ¼ lim
Ce!0
Z
Ce
1
2
ðrauxik eauxik  Dauxi Eauxi Þd1j  rauxij uauxi;1  Dauxj /aux;1
 
njdC
ð18Þ
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I ¼ lim
Ce!0
Z
Ce
1
2 ðrikeauxik þ rauxik eikÞ  ðDiEauxi þ Dauxi EiÞ
 
d1j
rijuauxi;1  rauxij ui;1  Dj/aux;1  Dauxj /;1
( )
njdC
ð19Þ
is the interaction integral. According to Eqs. (2) and (10), we have
rikeauxik  DiEauxi ¼ rauxik eik  Dauxi Ei ð20Þ
and hence, Eq. (19) can be simpliﬁed as
I ¼ lim
Ce!0
Z
Ce
ðrauxik eik  Dauxi EiÞd1j  rijuauxi;1
rauxij ui;1  Dj/aux;1  Dauxj /;1
" #
njdC ð21Þ3.3. Extraction of the intensity factors from the interaction integral
For piezoelectrics, the electromechanical J-integral is equal to
the energy release rate and thus, J can be expressed as (Ricoeur
and Kuna, 2003)
J ¼ 1
2
KTYK ð22Þ
where K ¼ ½KII KI KIII KIV T is the vector of the four ﬁeld intensity
factors; Y is the (4  4) generalized Irwin matrix which depends
on the material constants at the crack-tip location. The deﬁnition
of Irwin matrix Y is given in Appendix A. And the interaction inte-
gral (Rao and Kuna, 2008)
I ¼ KTYKaux ð23Þ
where Kaux ¼ ½KauxII KauxI KauxIII KauxIV T .
For 2D case, KIII = 0. If the auxiliary state is chosen to be mode-II
fracture state, namely, KauxII ¼ 1, KauxI ¼ KauxIII ¼ KauxIV ¼ 0, Eq. (23) re-
duces to
IðIIÞ ¼ KIIY11 þ KIY12 þ KIVY14 ð24Þ
Similarly, by selecting KauxI ¼ 1, KauxII ¼ KauxIII ¼ KauxIV ¼ 0 and
KauxI ¼ KauxII ¼ KauxIII ¼ 0, KauxIV ¼ 1, Eq. (23) reduces to, respectively,
IðIÞ ¼ KIIY12 þ KIY22 þ KIVY24 ð25Þ
and
IðIVÞ ¼ KIIY41 þ KIY42 þ KIVY44 ð26Þ
By solving the simultaneous Eqs. (24) - (26), the intensity fac-
tors KI, KII and KIV can be obtained. In the following, how to obtain
the value of the interaction integral will be discussed.
4. Interaction integral for piezoelectrics with continuous
properties
The inﬁnitesimal contour integral in Eq. (21) cannot be obtained
directly in numerical calculations and thus, it is usually converted
into an equivalent domain form which can avoid the potential
source of inaccuracy in the computation process of a line integral
(Moran and Shih, 1987). For a 2D piezoelectric solid with
continuous electromechanical properties, although the domain
formulations of the interaction integral have been investigated
by Rao and Kuna (2008), this section will derive a new domain
expression.
4.1. An equivalent contour form of the interaction integral
To begin, as shown in Fig. 1, consider two domain A and A0 en-
closed by the contours CB and C0 ¼ CB þ Ce þ Cþc þ Cc , respec-
tively where Ce is the opposite path of the contour Ce. Therefore,taking the limit Ce? 0 leads to A0? A. Next, we deﬁne an integral
on a closed contour C0 as
I ¼ lim
Ce!0
I
C0
P1jmjqdC ð27Þ
where the expression of P1j is identical with that in the bracket in
Eq. (21), i.e,
P1j ¼ rauxik eikd1j  rijuauxi;1  rauxij ui;1  Dauxi Eid1j  Dj/aux;1  Dauxj /;1
ð28Þ
Here, P1j can be regarded as the mutual piezoelectric energy
momentum tensor in the spirit of Eshelby’s concept; mj is the unit
outward normal vector to the contour C0; q is an arbitrary weight
function with value varying smoothly from 1 on Ce to 0 on CB.
In this paper, the crack faces are assumed to be mechanical trac-
tion-free and electrically impermeable, and this assumption is also
valid for the auxiliary ﬁelds, i.e.
rijni ¼ 0; Dini ¼ 0; on Cþc and Cc ð29Þ
rauxij ni ¼ 0; Dauxi ni ¼ 0; on Cþc and Cc ð30Þ
According to Eqs. (29) and (30), q = 0 on the contour CB, m1 = 0
on crack faces, and mj = - nj on Ce, it can be proved easily that
I ¼ I ¼  lim
Ce!0
I
C0
P1jmjqdC ð31Þ
The detailed derivations of Eq. (31) are given in Appendix B.
4.2. Domain formulation of the interaction integral
By applying divergence theorem to Eq. (31) one obtains
I ¼ 
Z
A
P1jq;jdA
Z
A
P1j;jqdA ð32Þ
According to Eq. (3) and the symmetry of the auxiliary stress
tensor, it is obtained that
rauxij eij;1  rauxij ui;j1 ¼ 0; Dauxi Ei;1 þ Dauxj /;j1 ¼ 0 ð33Þ
Substituting Eqs. (5), (11), and (13) into P1j,j, one obtains
P1j;j ¼ rauxij;1 eij  rijuauxi;j1  Dauxi;1 Ei  Dj/aux;j1 ð34Þ
Substituting Eqs. (2), (13), and (14) into Eq. (34), we have
P1j;j ¼ rauxij;1 SijklðxÞ  Stipijkl
h i
rkl þ rauxij;1 gkijðxÞ  gtipkij
h i
Dk
þ Dauxj;1 gjklðxÞ  gtipjkl
h i
rkl  Dauxj;1 bjkðxÞ  btipjk
h i
Dk ð35Þ
The detailed derivations of Eq. (35) are given in Appendix B. By
substituting Eqs. (28) and (35) into Eq. (32), the domain formula-
tion of the interaction integral is ﬁnally obtained as
I ¼
Z
A
rijuauxi;1 þ rauxij ui;1  rauxik eikd1j
þDj/aux;1 þ Dauxj /;1 þ Dauxi Eid1j
 !
q;jdA
þ
Z
A
rauxij;1 S
tip
ijkl  SijklðxÞ
h i
rkl þ rauxij;1 gtipkij  gkijðxÞ
h i
Dk
þDauxj;1 gtipjkl  gjklðxÞ
h i
rkl  Dauxj;1 btipjk  bjkðxÞ
h i
Dk
0
B@
1
CAqdA ð36Þ
Since only the electromechanical properties at the crack-tip
location are adopted in the auxiliary mechanical displacements,
stresses, electric potential and electric displacements, there are
no derivatives of material properties in both rauxij;1 and D
aux
j;1 . Com-
pared with the domain expression given by Rao and Kuna (2008)
for FGPMs which contains the terms o Cijkl/ o x1, o eikl/ o x1 and
o jil/ o x1, Eq. (36) does not include any terms related to the deriv-
atives of material properties with respect to the coordinates. In
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mulation only requires the material properties at the crack-tip
location and those on the integration points. Namely, the present
interaction integral does not require electromechanical properties
to be differentiable. Therefore, the present interaction integral can
facilitate the fracture analysis of practical piezoelectric materials
for which the derivatives of material properties are difﬁcult to ob-
tain. For homogeneous piezoelectrics, the second integral in Eq.
(36) vanishes.
5. Interaction integral for piezoelectrics with discontinuous
properties
From the above section, it is shown that the interaction integral
method does not need the mechanical or electric material proper-
ties to be differentiable. However, the material properties are still
required to be continuous. In this section, we will discuss whether
this continuity condition is necessary in the interaction integral
method.
5.1. Interaction integral for discontinuous piezoelectrics
As shown in Fig. 2, there is a perfectly bonded interface Cinterface
in the integral domain A. Thus, the domain A enclosed by a closed
contour C0 is divided by Cinterface into two parts, A1 and A2 which
are enclosed by C01 and C02, respectively. Here,
C01 ¼ CB1 þ Cinterface þ CB3 þ Cþc þ Ce þ Cc and C02 ¼ CB2þ Cinterface.
In order to convert the interaction integral into a domain form,
Eq. (31) should ﬁrst be written as
I ¼  lim
Ce!0
I
C01
P1jmjqdC
I
C02
P1jmjqdCþ Iinterface ð37Þ
where Iinterface is a line integral along the interface with the expres-
sion shown below
Iinterface ¼
Z
Cinterface
P1j mjqdCþ
Z
Cinterface
P1j mjqdC
¼
Z
Cinterface
ðP1j  P1j ÞmjqdC ð38ÞFig. 2. An integral domain A cut by a material interface Cinterface. Domains A, A1 and
A2 are enclosed by C0, C01 and C02 for C? 0. Here A = A1 + A2, C0 ¼ CB þ Ce þ
Cþc þ Cc , C01 ¼ CB1 þ Cinterface þ CB3 þ Cþc þ Ce þ Cc and C02 ¼ CB2 þ Cinterface .Here, the variables or expressions on the interface marked by
the superscripts r and s means that they belong to the domains
A1 and A2, respectively. By applying divergence theorem to the ﬁrst
and second integrals in Eq. (37), respectively, we have
I ¼ 
Z
A
P1jq;jdA
Z
A
P1j;jqdAþ Iinterface ð39Þ
In comparison of Eq. (39) and Eq. (32), it can be found that only
a term Iinterface is added when the integral domain contains a mate-
rial interface. The value of Iinterface will be discussed in the following
part.
5.2. Interface integral Iinterface
According to the deﬁnitions of the auxiliary ﬁelds, the auxiliary
mechanical displacements, stresses, electric potential and electric
displacements and their derivatives are continuous on the
interface. Therefore, ðrauxij Þ ¼ ðrauxij Þ ¼ rauxij , ð@uauxi =@x1Þ ¼
ð@uauxi =@x1Þ ¼ @uauxi =@x1, Dauxi ¼ Dauxi ¼ Dauxi and ð@/aux= @x1Þ
¼ ð@/aux=@x1Þ ¼ @/aux=@x1. The integral Iinterface in Eq. (38) can be
written as
Iinterface¼
Z
Cinterface
rauxij ðeij eij Þm1Dauxi ðEi Ei Þm1
miðrij rij Þ
@uaux
j
@x1
miðDi Di Þ@/
aux
@x1
mirauxij
@uj
@x1
 
 @uj
@x1
  
miDauxi @/@x1
 
 @/
@x1
  
8>>><
>>>:
9>>>=
>>>;
qdC
ð40Þ
In order to facilitate describing the continuity conditions on the
interface Cinterface, as shown in Fig. 3, we ﬁrst deﬁne the curvilinear
coordinates of a point p as
g1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  x10Þ2 þ ðx2  x20Þ2
q
; g2 ¼
Z p0
0
dC ð41Þ
where p0(x10, x20) is the point on Cinterface closest to the point
p(x1, x2).
Since the material interface is in equilibrium, the tractions and
surface charges on both sides of the interface should be equal. That
is
mirij ¼ mirij ; miDi ¼ miDi ð42Þ
The interface is assumed to be perfectly bonded and therefore,
the derivatives of both mechanical displacements and electric po-
tential with respect to the coordinate g2 are equal on both sides of
the interface, i.e.
@ui
@g2
	 

¼ @ui
@g2
	 

;
@/
@g2
	 

¼ @/
@g2
	 

ð43ÞFig. 3. A curvilinear coordinate system based on the interface.
Fig. 4. Curved crack faces in the integral domain.
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applying the strain-displacement relations of actual ﬁelds in Eq.
(3)1, one obtains
rauxij ðeij  eij Þm1 ¼ rauxij
@uj
@xi
	 

 @uj
@xi
	 
" #
m1 ð44Þ
By the chain rule we can write Eq. (44) as
rauxij ðeij  eij Þm1 ¼ rauxij
@uj
@gk
	 

 @uj
@gk
	 
" #
@gk
@xi
m1 ð45Þ
It can be noted from Eq. (41) that @g1=@xi ¼ mi. Substituting Eq.
(43)1 and @g1=@xi ¼ mi into Eq. (45), we have
rauxij ðeij  eij Þm1 ¼ mirauxij
@uj
@g1
	 

 @uj
@g1
	 
" #
m1 ð46Þ
Similarly, substituting Eq. (3)2 and @g1=@xi ¼ mi into the second
term of the integrand in Eq. (40), one obtains
Dauxi ðEi  Ei Þm1 ¼ miDauxi
@/
@g1
	 

 @/
@g1
	 
" #
m1 ð47Þ
Using the chain rule and substituting Eq. (43)1 and @g1=@x1 ¼ m1
into the ﬁfth term of the integrand in Eq. (40), we have
mirauxij
@uj
@x1
	 

 @uj
@x1
	 
" #
¼ mirauxij
@uj
@g1
	 

 @uj
@g1
	 
" #
m1
ð48Þ
Similarly, substituting Eq. (43)2 and @g1=@x1 ¼ m1 into the sixth
term of the integrand in Eq. (40), one obtains
miD
aux
i
@/
@x1
	 

 @/
@x1
	 
" #
¼ miDauxi
@/
@g1
	 

 @/
@g1
	 
" #
m1
ð49Þ
Substituting Eq. (B2) and Eqs. (46)–(49) into Eq. (40) yields
Iinterface ¼ 0 ð50Þ
Similarly to the above derivations, the same result in Eq (50)
will be obtained for the interface penetrating the crack faces.
5.3. Discussion on the interaction integral
Substituting Eq. (50) into Eq. (39), the same expression as Eq.
(36) is obtained. It implies that Eq. (36) is still valid for nonhomo-
geneous piezoelectric materials with interfaces on which all elec-
tromechanical parameters may be discontinuous. Namely, the
interaction integral method does not require material properties
to be continuous and hence, its applicable range is greatly en-
larged. Moreover, the expression in Eq. (36) can facilitate the
numerical implementation for the piezoelectric materials with
complex interfaces around the crack tip since the integral domain
can be chosen arbitrarily.
If the crack faces in the integral domain A are curved as shown
in Fig. 4, the interaction integral can be written as
I ¼ 
Z
A
P1jq;jdA
Z
A
P1j;jqdAþ Icrackface ð51Þ
where Icrackface is a line integral on the crack faces and its expression
is
Icrackface ¼
Z
Cþc þCc þCþAþC

A
P1jmjqdC ð52Þwhere, CþA is a ﬁctitious crack face tangent to the crack tip and C

A is
its opposite path. Considering the boundary conditions, traction-
and charge-free for actual ﬁelds on Cþc and C

c (mjrij = 0; mjDj = 0),
traction- and charge-free for auxiliary ﬁelds on CþA and C

A
(mjrauxij ¼ 0; mjDauxj ¼ 0), and m1 = 0 on CþA and CA , Eq. (52) can be
simpliﬁed as
Icrackface ¼
Z
Cþc þCc
rauxij eij  Dauxi Ei
 
m1 mjrauxij ui;1 mjDauxj /;1
h i
qdA

Z
CþAþC

A
mj rijuauxi;1 þ Dj/aux;1
 
qdA
ð53Þ
It should be pointed out that the present interaction integral em-
ploys the stress and electric displacement ﬁelds with inverse
square root singularity and thus, its effective implementation re-
quires that the crack tip cannot be too close to the interface. Accord-
ing to the previous investigation on the pure elastic media (Yu et al.,
2009), the interaction integral should be effective and accurate for
piezoelectric media when the distance from the crack tip to an
interface is no less than 0.03 times of the crack length. In addition,
if the crack lies along an interface in piezoelectric materials with
complex interfaces, the interaction integral derived in this paper
should be also effective by selecting a suitable auxiliary ﬁeld.
5.4. Expanded form of the interaction integral
In order to simplify the expression of Eq. (36) in this paper, let
(Hwu, 2008)
u4 ¼ /
r4j ¼ rj4 ¼ Dj; r44 ¼ 0
2e4j ¼ 2ej4 ¼ u4;j ¼ Ej; e44 ¼ 0
ð54Þ
C4jkl ¼ ejkl; C4j4l ¼ jjl; C44IJ arbitrary
2S4jkl ¼ gjkl; 4S4j4l ¼ bjl; S44IJ arbitrary
ð55Þ
Here, the expanded elastic stiffness CIJKL and compliance
SIJKL have the symmetry relations CIJKL = CJIKL = CIJLK = CKLIJ and
SIJKL = SJIKL = SIJLK = SKLIJ, respectively, and they meet the relation
CIJKLSKLPQ = dIPdJQ (Zhang et al., 2001), where the subscripts I, J, K,
L, P, Q = 1, 2, 3, 4. And deﬁne
ðÞ;4 ¼ 0 ð56Þ
where (  ) is an arbitrary variable or expression. According to these
deﬁnitions, Eq. (36) can be rewritten in an expanded tensor nota-
tion as
I ¼
Z
A
rIJuauxI;1 þ rauxIJ uI;1  rauxIK eIKd1J
 
q;JdA
þ
Z
A
rauxIJ;1 S
tip
IJKL  SIJKLðxÞ
h i
rKLqdA ð57Þ
Fig. 5. Finite element mesh with a crack and an inclusion.
Table 1
Material constants described in global coordinate system. (Example 1 for the whole
plate; Examples 2, 3 and 4 for x1 = 0).
Properties Values
Elastic constants (109 Pa) C110 = 126 C220 = 117 C120 = 53
C130 = 55 C440 = 35.3
Piezoelectric constants (C/m2) e210 = - 6.5 e220 = 23.3 e160 = 17
Permittivity (109 C/Vm) j110 = 15.1 j220 = 13
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tion for piezoelectric media is of the same form as that for pure
elastic media given by Yu et al. (2009) only by extending the range
of indices from 1–3 to 1–4.Fig. 7. An integral domain formed by the elements ﬁlled with green color. (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred
to the web version of this article.)6. Numerical implementation of the interaction integral
The interaction integral method is implemented in conjunction
with the extended ﬁnite element method (XFEM) since the XFEM
can greatly simplify the analysis of fracture problems, especially,Fig. 6. A homogeneous piezoelectric plate with a center crack: (a) geometry and boundary conditions; (b) ﬁnite element mesh.
Table 2
Normalized intensity factors at the right crack tip for a homogenous piezoelectric
plate (Example 1, K0I ¼ KI=r1
ﬃﬃﬃﬃﬃﬃ
pa
p
and K0IV ¼ KIV=D1
ﬃﬃﬃﬃﬃﬃ
pa
p
).
a
W Present Analytical
K0I K
0
IV K
0
I (K
0
IV )
0.1 1.0056 1.0050 1.0060
0.2 1.0246 1.0230 1.0245
0.3 1.0582 1.0550 1.0575
0.4 1.1104 1.1047 1.1090
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brieﬂy.6.1. XFEM for piezoelectrics
For elastic media, the extended ﬁnite element method (XFEM)
was developed by Belytschko and Black (1999) and Moës et al.
(1999) who introduced the local enrichment functions into stan-
dard displacement-based approximation to characterize the local
features. Therefore, the XFEM allows the discontinuous bound-
aries, such as cracks or material interfaces, to be independent of
the mesh. Recently, the XFEM is extended to the piezoelectric
materials (Bechet et al., 2009; Bhargava and Sharma, 2011). The
approximations of the displacements and electric potential with-
out near-tip enrichment functions are adopted as
uhi ðxÞ ¼
X
S2DS
NSðxÞuSi þ
X
P2DP
NPðxÞuPðxÞaPi þ
X
R2DC
NRðxÞwRðxÞcRi
/hðxÞ ¼
X
S2DS
NSðxÞ/S þ
X
P2DP
NPðxÞuPðxÞbP þ
X
R2DC
NRðxÞwRðxÞdR
uPðxÞ ¼ jx xj  jxP  xj; wRðxÞ ¼ Hðx xÞ  HðxR  xÞ
ð58Þ
Here, x is an arbitrary point in the mesh; x is a point on the dis-
continuous surface (crack or interface)which is closest to point x; xS
is the point located at node S; NS(x) is the standard ﬁnite element
shape function; up(x) and wR(x) are the shifted enrichmentFig. 8. A functionally graded piezoelectric plate with a horizontal crack subjected to far ﬁ
Type (2) loading: shear and electric-displacement combination.functions for material interfaces and cracks, respectively; DS is the
set of all nodes inmesh;DP andDC are the sets of the nodes enriched
withup(x) andwR(x), respectively; uSi and /
s are the standard nodal
displacements and nodal electric potential, respectively; aPi and b
P
are additional degrees of freedom for the nodes in DP; cRi and d
R
are additional degrees of freedom for the nodes in DC; H(x) is a
Heaviside step function. In order to improve the numerical preci-
sion, the mesh around the crack tip is reﬁned as shown in Fig. 5.6.2. Numerical discretization of the interaction integral
In order to compute the interaction integral, Eq. (36) should be
discretized as
I¼
XeA
e¼1
Xpe
p¼1
rijuauxi;1 þrauxij ui;1
rauxik eikd1j
þDj/aux;1 þDauxj /;1
þDauxi Eid1j
0
BB@
1
CCAq;jþ
rauxij;1 ½StipijklSijklðxÞrkl
þrauxij;1 ½gtipkij gkijðxÞDk
þDauxj;1 ½gtipjkl gjklðxÞrkl
Dauxj;1 ½btipjk bjkðxÞDk
0
BBBB@
1
CCCCAq
8>>><
>>:
9>>>=
>>;
p
jJjpwp
ð59Þ
Here, eA is the number of elements in the integral domain A; pe
is the number of integration points in one element; |J|p represents
the determinant of Jacobian matrix; wp is the corresponding
weight factor at the integration point p .
In this paper, the nonhomogeneous element method and the
quadratures used by Yu et al. (2009) are adopted for piezoelectric
materials.7. Numerical examples and discussions
At ﬁrst, two benchmark fracture problems are given to verify
the accuracy of the interaction integral. Then, the domain-indepen-
dence of the interaction integral is checked for material nonhomo-
geneity and discontinuity. Finally, our attention will be focused on
the inﬂuences of the material continuity on the SIFs and the EDIF.eld loading: (a) Type (1) loading: tension and electric-displacement combination; (b)
Fig. 9. Normalized intensity factors vs the integral domain size RI/he for a
functionally graded piezoelectric plate with a horizontal crack: (a) Type (1)
loading; (b) Type (2) loading.
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As shown in Fig. 6(a), ﬁrst example is a center-cracked homoge-
neous piezoelectric plate of length 2L and width 2W subjected to
far-ﬁeld tensile stress r1 and electric displacement D1 on the re-
mote boundary. Dimension L remains ﬁxed at two times the larger
of W to simulate an inﬁnite-length plate here. The plate contains a
horizontal crack of length 2a with the center coinciding with the
origin. The analysis solutions of the mode-I SIF and the EDIF at
the right crack tip for this problem (Tada, 1971) are, respectively,
KI ¼ kcr1
ﬃﬃﬃﬃﬃﬃ
pa
p
and KIV ¼ kcD1
ﬃﬃﬃﬃﬃﬃ
pa
p ð60Þ
where kc is determined by
kc ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sec
p
2
a
W
 r
1 0:025 a
W
 2
þ 0:06 a
W
 4 
ð61Þ
For all examples in this paper, the polarization direction is along
x2 -axis. Using the relation between the indices 11? 1, 22? 2,
33? 3, 23? 4, 31? 5 and 12? 6, the constitutive Eq. (1) can
be written in Voigt notation as:
ra ¼ Cabeb  elaEl
Di ¼ eibeb þ jilEl
ð62Þ
The material considered in this example is PZT-5H and for
which material parameters are deﬁned by
ðCab; eib;jilÞ ¼ ðCab0; eib0;jil0Þ ð63Þ
where Cab0, eib0 and jil0 are given in Table 1. In this example,
r1=D1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C220=j220
p
is adopted to hold that the mechanical energy
is equal to the electric energy. The data used in the analysis is as fol-
lows: W = 1; L = 2; a = 0.10.4; r1 = 3  106 Pa; D1 = 103 C/m2;
generalized plane strain.
The mesh conﬁguration is shown in Fig. 6(b). Eight-node quad-
rilateral (Q8) elements are used over most of the mesh. Since the
stress and electric displacement ﬁelds exhibit an inverse square
root singularity, six-node quarter-point (T6qp) singular elements
are employed to improve the accuracy. The mesh consists of
1917 Q8 and 24 T6qp elements, with a total of 1941 elements
and 5950 nodes. In order to determine the integral domain size,
as shown in Fig. 7, we deﬁne he to be the radial edge length of
the elements at the crack tip and RI to be the radius of the refer-
enced circular contour CI by which the integral domain is deter-
mined. In detail, the integral domain consists of the elements cut
by CI and the elements surrounded by CI. For this example, we take
RI/he = 4, which leads to that four-layer elements around the crack
tip are adopted for the calculation of the interaction integral.
Table 2 lists the normalized mode-I SIF K0I ¼ KI=r1
ﬃﬃﬃﬃﬃﬃ
pa
p
and the
normalized EDIF K0IV ¼ KIV=D1
ﬃﬃﬃﬃﬃﬃ
pa
p
calculated by the interaction
integral and the analytical results obtained from Eq. (60). Due to
symmetry, only the intensity factors at the right crack tip are given.
It can be noted that for every crack length, the relative errors be-
tween the present results and the analytical results are all within
0.15% and 0.4%, respectively, for the SIF KI and the EDIF KIV.
7.2. Example 2: A center crack in a functionally graded piezoelectric
plate
Next, we consider a functionally graded piezoelectric plate of
length 2W and width 2W with a rectilinear crack of length 2a.
The plate length 2W is ten times the larger of the crack length 2a
for an approximation of an inﬁnite piezoelectric plate. The material
parameters are assumed to be vary with x1 according to
ðCab; eib;jilÞ ¼ ðCab0; eib0;jil0Þefx1 ð64Þ
where Cab0, eib0 and jil0 are given in Table 1.The geometry and boundary conditions are shown in Figs. 8(a)
and (b) for two types of loading combinations: Type (1): the far-
ﬁeld normal load r1 and the far-ﬁeld electrical displacement load
D1; Type (2): the far-ﬁeld shear load s1 and the far-ﬁeld electrical
displacement load D1. And the load combination parameters
kr ¼ D1C220=r1e220 and ks ¼ D1C220=s1e220 are used for Type (1)
and Type (2), respectively, to reﬂect the combination between
the mechanical load and the electric load. The data used in the
analysis are:W = 10; a = 1; kr or ks ¼ ð5;0;5Þ; f = 1/21/2; gen-
eralized plane strain. The same fracture problem has been investi-
gated by Rao and Kuna (2008).
The mesh consists of 960 elements and 2926 nodes. The nor-
malized intensity factors K0I ¼ KI=r1
ﬃﬃﬃﬃﬃﬃ
pa
p
, K0II ¼ KII=s1
ﬃﬃﬃﬃﬃﬃ
pa
p
and
K0IV ¼ KIV=D1
ﬃﬃﬃﬃﬃﬃ
pa
p
at the right crack tip are given in this example.
Before giving the results, we ﬁrst select seven integral domains
of different size (RI/he = 126) to compute the intensity factors
for verifying the convergence of the interaction integral method.
Fig. 9 shows the varying curves of the normalized intensity factors
versus the integral domain size RI/he. It can be found that as the
Table 3
Normalized intensity factors at the right crack tip for a functionally graded piezoelectric plate under far-ﬁeld normal load r1 and far-ﬁeld electrical displacement load D1
(Example 2: Type (1) loading, K0I ¼ KI=r1
ﬃﬃﬃﬃﬃﬃ
pa
p
and K0IV ¼ KIV=D1
ﬃﬃﬃﬃﬃﬃ
pa
p
).
f Present Rao and Kuna (2008)
kr ¼ 5 kr ¼ 0 kr ¼ 5 kr ¼ 5 kr ¼ 0 kr ¼ 5
K0I K
0
IV K
0
I K
0
I K
0
IV K
0
I K
0
IV K
0
I K
0
I K
0
IV
1/2 1.0181 0.0913 1.0579 1.0978 0.3860 1.0190 0.0911 1.0586 1.0982 0.3864
1/4 1.2764 0.3913 1.2180 1.1595 0.7198 1.2765 0.3912 1.2180 1.1595 0.7198
1/8 1.1278 0.7490 1.0935 1.0592 0.8958 1.1277 0.7490 1.0934 1.0592 0.8957
0 1.0122 1.0020 1.0123 1.0124 1.0065 1.0122 1.0020 1.0122 1.0123 1.0065
1/8 1.2435 0.8686 1.1855 1.1275 0.9915 1.2434 0.8687 1.1854 1.1274 0.9915
1/4 1.6074 0.5166 1.4826 1.3577 0.8750 1.6074 0.5167 1.4826 1.3577 0.8751
1/2 1.6328 0.1326 1.6075 1.5822 0.5449 1.6341 0.1323 1.6084 1.5826 0.5454
Table 4
Normalized intensity factors at the right crack tip for a functionally graded piezoelectric plate under far-ﬁeld shear load s1 and far-ﬁeld electrical displacement load D1 (Example
2: Type (2) loading, K0II ¼ KII=s1
ﬃﬃﬃﬃﬃﬃ
pa
p
and K0IV ¼ KIV=D1
ﬃﬃﬃﬃﬃﬃ
pa
p
).
f Present Rao and Kuna (2008)
ks ¼ 5 ks ¼ 0 ks ¼ 5 ks ¼ 5 ks ¼ 0 ks ¼ 5
K0II K
0
IV K
0
II K
0
II K
0
IV K
0
II K
0
IV K
0
II K
0
II K
0
IV
1/2 0.8721 0.2387 0.8721 0.8721 0.2387 0.8741 0.2388 0.8740 0.8740 0.2387
1/4 0.9396 0.5555 0.9396 0.9396 0.5555 0.9420 0.5555 0.9420 0.9420 0.5555
1/8 0.9743 0.8224 0.9743 0.9743 0.8224 0.9763 0.8224 0.9763 0.9763 0.8223
0 1.0075 1.0043 1.0075 1.0075 1.0043 1.0089 1.0043 1.0089 1.0089 1.0042
1/8 1.0376 0.9301 1.0376 1.0376 0.9301 1.0399 0.9302 1.0399 1.0399 0.9301
1/4 1.0648 0.6958 1.0648 1.0648 0.6958 1.0682 0.6959 1.0683 1.0683 0.6959
1/2 1.1148 0.3388 1.1148 1.1148 0.3388 1.1189 0.3388 1.1189 1.1189 0.3389
Fig. 10. A piezoelectric plate with an inclined crack AB: (a) geometry and boundary conditions; (b) ﬁnite element mesh.
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0
II and K
0
IV con-
verge to a stable value and moreover, their relative changes are no
more than 0.2% when RI=he P 2. It indicates that the interactionintegral is domain-independent for homogeneous and nonhomo-
geneous piezoelectric materials when the integral domain size
reaches a threshold value (in this example, RI=he P 2).
Fig. 11. Different integral domains surrounding the crack tip B: (a) RI/he = 3  (1, 2, 22, 23, 24); (b) RI/he = 3  (24, 25, 26, 27).
Table 5
Normalized intensity factors at the crack tip B for different integral domains (Example
3: K0I ðBÞ ¼ KIðBÞ=r1
ﬃﬃﬃﬃﬃﬃ
pa
p
, K0IIðBÞ ¼ KIIðBÞ=r1
ﬃﬃﬃﬃﬃﬃ
pa
p
and K0IV ðBÞ ¼ KIV ðBÞ=D1
ﬃﬃﬃﬃﬃﬃ
pa
p
).
RI
he
kr ¼ 5 kr ¼ 5
K0I ðBÞ K0IIðBÞ K0IV ðBÞ K0I ðBÞ K0IIðBÞ K0IV ðBÞ
3 0.89632 0.34375 -0.49540 0.86747 0.37220 0.66695
3  2 0.89601 0.34360 -0.49516 0.86687 0.37190 0.66664
3  22 0.89536 0.34346 -0.49484 0.86604 0.37148 0.66623
3  23 0.89598 0.34349 -0.49527 0.86631 0.37156 0.66679
3  24 0.89626 0.34302 -0.49518 0.86658 0.37169 0.66680
3  25 0.89674 0.34341 -0.49505 0.86672 0.37230 0.66664
3  26 0.89644 0.34350 -0.49514 0.86674 0.37184 0.66677
3  27 0.89642 0.34347 -0.49514 0.86672 0.37183 0.66677
Err (%) 0.15 0.21 0.11 0.16 0.22 0.11
H. Yu et al. / International Journal of Solids and Structures 49 (2012) 3301–3315 3311Then, the intensity factor results obtained by letting RI/he = 4 are
listed in Table 3 and Table 4, respectively, for Type (1) loading and
Type (2) loading. In comparison of the present results and those gi-
ven by Rao and Kuna (2008), it can be found that the relative errors
of K0I and K
0
IV are all within 0.1% and 0.2%, respectively, for Type (1)
loading; the relative errors of K0II and K
0
IV are all with 0.4% and 0.1%,
respectively, for Type (2) loading. Excellent agreements in Exam-
ples 1 and 2 demonstrate that the present interaction integral is
valid for the fracture analysis of piezoelectric materials with con-
tinuous properties.
7.3. Example 3: Domain-independence of the interaction integral
In order to check the domain-independence of the interaction
integral for material nonhomogeneity and discontinuity, as shown
in Fig. 10(a), we select a piezoelectric plate on which a vertical
interface exists at x1 = 0 and the material parameters vary accord-
ing to the following relations
ðCab; eib;jilÞ ¼
ðCab0; eib0;jil0Þefx1 ðx1 6 0Þ
2ðCab0; eib0;jil0Þ ðx1 > 0Þ
(
ð65Þ
In Eq.(65), Cab0, eib0 and jil0 given in Table 1 are the values of the
material parameters at x1 = 0. The above deﬁnitions imply that each
parameter varies continuously on the left-half plate, jumps at the
middle line of the plate and then, holds a constant on the right-half
plate. The plate of length 2L and width 2W is subjected to far-ﬁeld
tensile stress r1 and electric displacement D1 on the remote
boundary. The load combination parameter kr ¼ D1C220=r1e220 is
still adopted. In this example, an inclined crack AB of length 2a
occupies the segment from A(4.6,1) to B(0.6,1). The follow-
ing data are used for numerical analysis: L = 30; W = 10;
f = ln(10)/2W; kr ¼ ð5;5Þ; generalized plane strain.
Fig. 10(b) shows the corresponding mesh conﬁguration which
consists of 1993 elements and 6082 nodes. As shown in
Figs. 11(a) and (b), eight integral domains (RI/he = 3  3  27) are
selected to check the variations of the intensity factors. According
to Examples 1 and 2, it can be concluded that good accuracy can be
obtained for RI/he = 3. Since the domains RI/he = 3  3  24 do not
contain the vertical interface, they are mainly used to check the do-
main-independence of the interaction integral for material nonho-
mogeneity. The domains RI/he = 3  25  3  27 are employed to
check the domain-independence for material discontinuity.In order to estimate the deviation of the results obtained by dif-
ferent integral domains, the relative error can be deﬁned as
Err ¼ Kmax  KminKmean

 100% ð66Þ
where Kmax, Kmin and Kmean denote the maximum, minimum and
mean of the intensity factors, respectively, obtained by different
integral domains. Table 5 lists the normalized intensity factors
K0I ðBÞ ¼ KIðBÞ=r1
ﬃﬃﬃﬃﬃﬃ
pa
p
, K0IIðBÞ ¼ KIIðBÞ=r1
ﬃﬃﬃﬃﬃﬃ
pa
p
, K0IV ðBÞ ¼ KIV ðBÞ=
D1
ﬃﬃﬃﬃﬃﬃ
pa
p
and the relative errors Err. It can be observed that the rela-
tive errors are all within 0.22%, which implies the interaction inte-
gral should be domain-independent for nonhomogeneous and
discontinuous piezoelectric materials. Therefore, it can be deduced
that the interaction integral method is reliable for the piezoelectric
materials with electromechanical interfaces.
7.4. Example 4: Inﬂuences of material continuity on the intensity
factors
In this part, the inﬂuences of the material continuity on the
intensity factors will be investigated. The model shown in
Fig. 10(a) is still adopted. According to the continuity of the mate-
rial parameters and their derivatives, we select four types of mate-
rial parameters as shown in Fig. 12.
(1) Case 1: The material parameters Cab, eib and jil are discontin-
uous at x1 = 0. Their deﬁnitions are given in Eq. (65).
Fig. 12. Four types of material parameters with different continuity.
Fig. 13. Normalized mode-I SIFs K0I vs crack center c/W for four types of materials
with different continuity: (a) at crack tip A; (b) at crack tip B.
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their derivatives are discontinuous. They are deﬁned asðCab; eib;jilÞ ¼
ðCab0; eib0;jil0efx1 ðx1 6 0Þ
ðCab0; eib0;jil0Þ ðx1 > 0Þ
(
ð67Þ
Here, it should be noted that every material parameter at right
half-plate is the constant term truncated from Taylor series of
that at left half-plate.
(3) Case 3: The material parameters and their ﬁrst-order deriv-
atives are continuous at x1 = 0, but their high-order derivatives
are discontinuous. They are deﬁned as(ðCab; eib;jilÞ ¼
ðCab0; eib0;jil0Þefx1 ðx1 6 0Þ
ðCab0; eib0;jil0Þð1þ fx1Þ ðx1 > 0Þ
ð68Þ
Here, every material parameter at right half-plate is the ﬁrst-or-
der polynomial truncated from Taylor series of that at left half-
plate.
(4) Case 4: The material parameters and their derivatives are
continuous at x1 = 0. Their deﬁnitions are given in Eq. (64).Fig. 14. Normalized EDIFs K0IV vs c/W for four types of materials with different
continuity: (a) at crack tip A; (b) at crack tip B.
Fig. 15. Normalized intensity factors vs c/W for Cab-jump, eib-jump and jil-jump functions: (a) K0I ðAÞ; (b) K0I ðBÞ; (c) K0IV ðAÞ; (d) K0IV ðBÞ.
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C(c, 0) is considered. The crack length is ﬁxed and its location
moves from the center of the left-half plate to the center of
the right-half plate, which leads to c/W =  0.50.5. As a result,
the two crack tips will cross the vertical interface at x1 = 0 one
after the other. The data used in numerical analysis are:
L = 30; W = 10; a/W = 0.1; h = 0; f = ln (10)/2W; kr ¼ 5;
K0I ¼ KI=r1
ﬃﬃﬃﬃﬃﬃ
pa
p
; K0IV ¼ KIV=D1
ﬃﬃﬃﬃﬃﬃ
pa
p
; generalized plane strain.
Figs. 13 and 14 show the normalized mode-I SIF K0I and the nor-
malized EDIF K0IV varying with crack center c/W, respectively. It can
be observed from Fig. 10(a) that for the crack length a/W = 0.1, the
crack tip A (B) is just on the vertical interface for the crack center c/
W = 0.1 (c/W =  0.1). Therefore, in Figs. 13 and 14, a vertical dash
line at c/W = 0.1 (c/W =  0.1) is used to indicate where the crack
tip A (B) reaches the vertical interface. For Case 1, when the crack
passes through the vertical interface at x1 = 0, both K
0
I and K
0
IV vary
drastically, especially when the two crack tips encounter the verti-
cal interface. It indicates that the continuity of the material param-
eters has great inﬂuence on both the SIF and the EDIF. For Case 2,
both K0I and K
0
IV have no drastic changes when the crack passes
through the vertical interface, but a kinking behavior can be ob-
served when the crack tips encounter the vertical interface. The
appearance of the kinking behavior implies that the continuity of
the ﬁrst-order derivatives of material parameters affects to a cer-
tain extent the SIF and the EDIF. For Case 3 and Case 4, both K0I
and K0IV vary quite smoothly in the whole crack-moving process
and no kinking behavior emergences when the crack tips encoun-
ter the vertical interface. In comparison of Case 3 and Case 4, the
magnitude and the varying trend of both the SIF and the EDIF are
quite similar. Therefore, the continuity of high-order derivatives
of material parameters affects both the SIF and the EDIF slightly.
The same phenomena have been observed by Yu et al. (2009) for
pure elastic cracked body.
(1) In order to see the inﬂuence of the continuity of each mate-
rial parameter tensor Cab, eib or jil on the SIF and the EDIF, the
following three types of material parameters are selected:
(a) Cab jump: Cab ¼ Cab0e
fx1 ðx1 6 0Þ
2Cab0 ðx1 > 0Þ

; ðeib; jilÞ ¼ ðeib0;jil0Þefx1 ;(b) eib jump: eib ¼ eib0e
fx1 ðx1 6 0Þ
2eib0 ðx1 > 0Þ

; ðCab;jilÞ ¼ ðCab0;jil0Þefx1 ;
(c) jil jump: jil ¼ jil0e
fx1 ðx1 6 0Þ
2jil0 ðx1 > 0Þ

; ðCab; eibÞ ¼ ðCab0; eib0Þefx1 .
Fig. 15 shows the intensity factors varying with c/W for the
above three types of material parameters. It can be observed that
the elastic stiffness (Cab) affects the SIF signiﬁcantly but the EDIF
slightly, in contrast, the dielectric permittivity (jil) affects the EDIF
signiﬁcantly but the SIF slightly, and the piezoelectric coefﬁcient
(eib) affects both the SIF and the EDIF greatly.
8. Summary and conclusions
This paper derives a domain-independent interaction integral
for linear piezoelectric materials. The present formulation does
not contain any derivatives of material parameters and it is proved
that the interface in the integral domain has no contribute to the
interaction integral. Therefore, the present interaction integral
method may become a reliable technique for piezoelectric materi-
als with complex interfaces. Several benchmark fracture examples
show that the present interaction integral achieves an excellent
numerical precession and exhibits the domain-independence for
material nonhomogeneity and discontinuity. Finally, the inﬂuences
of material continuity on the SIF and the EDIF are investigated. It
can be observed that: (1) The discontinuity of material parameters
causes drastic variations on both the SIF and the EDIF, the discon-
tinuity of the ﬁrst-order derivatives of material parameters leads to
a kinking behavior on both the SIF and the EDIF, and the higher-or-
der derivatives affect both the SIF and the EDIF slightly; (2) the
elastic stiffness affects the SIF signiﬁcantly but the EDIF slightly,
in contrast, the dielectric permittivity affects the EDIF signiﬁcantly
but the SIF slightly, and the piezoelectric coefﬁcient affects both
the SIF and the EDIF greatly.
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Appendix A
In the local polar coordinate system shown in Fig. 1, the angular
functions f Nij ðhÞ, gNi ðhÞ, dNi ðhÞ and vN(h) can be obtained by means of
the extended stroh formalism and semi-analytical calculations.
Only 2D problems are considered in this paper. Therefore, KIII = 0
and the subscripts i, j = 1, 2 in these angular functions. The above
functions can be expressed in terms of complex material eigen-
values Pa, eigenvectors AMa, and matrices MMa and NaN (Park and
Sun, 1995; Rao and Kuna, 2008)
f Ni1 ¼ 
X4
a¼1
Re MiaNaNpaﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþpa sin h
p
 
; f Ni2 ¼
X4
a¼1
Re MiaNaNﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþpa sin h
p
 
gN1 ¼ 
X4
a¼1
Re M4aNaNpaﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþpa sin h
p
 
; gN2 ¼
X4
a¼1
Re M4aNaNﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþpa sin h
p
 
ðA1Þ
dNi ¼
X4
a¼1
Re AiaNaN
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ pa sin h
q 
;
vN ¼
X4
a¼1
Re A4aNaN
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ pa sin h
q  ðA2Þ
Here, Refg and Imfg denote the real part and the imaginary
part respectively of the quantity in brackets. The four conjugate
pairs of eigenvalues Pa and the (4  4) matrix of eigenvectors
AMa can be obtained by solving the following quadratic eigenvalue
problem:
½Q þ ðR þ RTÞpþ Tp2 Ai
A4
 
¼ 0 ðA3Þ
where
Q ¼ C
tip
i1k1 e
tip
1i1
etip1k1 jtip11
" #
; R ¼ C
tip
i1k2 e
tip
2i1
etip1k2 jtip12
" #
; T ¼ C
tip
i2k2 e
tip
2i2
etip2k2 jtip22
" #
ðA4Þ
where Ctipijkl, e
tip
jkl and j
tip
ij are the elastic stiffness, piezoelectric coefﬁ-
cient and dielectric permittivity tensors respectively, evaluated at
the crack tip location. Eq. (A3) can be converted into the following
eigenrelations (Hwu, 2008):
T1RT T1
RT1RT  Q RðT1ÞT
" #
n ¼ pn ðA5Þ
where the eigenvector n ¼ ½ATa BTa 
T , Aa ¼ ½AIIa AIa AIIIa AIVa T
and Ba ¼ ½BIIa BIa BIIIa BIVa T . Aa and Ba satisfy the following
relation
Ba ¼ ðRT þ paTÞAa ¼ 
1
pa
ðQ þ paRÞAa ðA6Þ
Only the four eigenvalues pa having positive imaginary part and
the corresponding eigenvectors are used in Eqs. (A1) and (A2). The
(4  4) matrices MMa and NaN are calculated by (Park and Sun,
1995)
N1 ¼M ¼ ðCi2k1 þ Ci2k2paÞAka þ ðe1i2 þ e2i2paÞA4aðe2k1 þ e2k2paÞAka þ ðj21  j22paÞA4a
 
ðA7Þ
In Eq. (A6), the summation convention is valid only on k, but not
on a.The Irwin matrix Y is deﬁned as (Ricoeur and Kuna, 2003)
Y ¼ ½YMN ¼ 
X4
a¼1
ImfAMaNaNg ðA8Þ
It is necessary to pointed out that in the symbols AMa, MMa, NaN
and YMN, the indices M, N = {II, I, III, IV} denote the crack opening
modes with the values corresponding to a general index
i = {1, 2, 3, 4}, respectively.
Appendix B
The details regarding Eq. (31) are as follows. Considering
C0 ¼ CB þ Ce þ Cþc þ Cc , applying the condition that q = 0 on CB
and q = 1 on Ce, and then, substituting m1 = 0 on C
þ
c and C

c and
Eqs. (28)–(30) into Eq. (27), we can simplify the integral I as
I ¼ lim
Ce!0
I
C0
P1jmjqdC
¼ lim
Ce!0
Z
Ce
P1jmjqdCþ
Z
Cþc þCc
P1jmjqdCþ
Z
CB
P1jmjqdC
¼  lim
Ce!0
Z
Ce
P1jnjdCþ
Z
Cþc þCc
P1jmjqdC
¼ I þ
Z
Cþc þCc
ðm1rauxik eik mjrijuauxi;1 mjrauxij ui;1Þ
ðm1Dauxi Ei þmjDj/aux;1 þmjDauxj /;1Þ
 
qdC
¼ I ðB1Þ
The details regarding Eq. (35) are as follows
P1j;j ¼ rauxij;1 eij  rijuauxi;j1  Dauxi;1 Ei  Dj/aux;j1
¼ rauxij;1 eij  rijeaux0ij;1  Dauxj;1 Ej þ DjEaux0j;1
¼ rauxij;1 SijklðxÞrkl þ gkijðxÞDk
  rij Stipijklrauxkl;1 þ gtipkijDauxk;1h i
 Dauxj;1 gjklðxÞrkl þ bjkðxÞDk
 þ Dj gtipjklrauxkl;1 þ btipjk Dauxk;1h i
¼ rauxij;1 SijklðxÞ  Stipijkl
h i
rkl þ rauxij;1 gkijðxÞ  gtipkij
h i
Dk
þ Dauxj;1 gjklðxÞ  gtipjkl
h i
rkl  Dauxj;1 bjkðxÞ  btipjk
h i
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